A NOTE ON STATIC SPACES AND RELATED PROBLEMS 



JIE QING AND WEI YUAN 

Abstract. In this paper we study static spaces introduced in |10lll2| [9l ll3| [71 
and Riemannian manifolds possessing solutions to the critical point equation 
introduced in [T] 1111 [3] |4] . In both cases on the manifolds there is a function 
/ satisfying the equation 

fRic = + 

With a similar idea used in [6l[5], we have made progress in solving the classify- 
ing problem raised in W of vacuum static spaces and in proving the conjecture 
made in 1^ about manifolds admitting solutions to the critical point equation 
in general dimensions. We obtain even stronger results in dimension 3. 



1. Introduction 

Static space-times are the special and important global solutions to Einstein 
equations in general relativity. In this paper we are concerned with static space- 
times that carry a perfect fluid matter field as introduced in [TO] [H]. One may 
include a cosmological constant to maintain mass-energy density to be nonnegative. 
A static space-time metric g = —pdfi -\- g satisfies the Einstein equation 

(1.1) Ric - ^Rg + Ag = -SttGT, 

for the energy-momentum-stress tensor T — —^f^dt^ — pg of a perfect fluid, where 
fi and p are nonnegative, time-indepdendent mass-energy density and pressure of 
the perfect fluid respectively. 

A complete Riemannian manifold (Af", g) is said to be a static space (with 
perfect fluid) if there exists a smooth function / (^ 0) on such that / solves 
the following static equation: 

(1.2) v2/-(ffic--^5)/--(-^/ + A/)g-0. 

n — 1 n n — 1 

Particularly, (M", g) is said to be a vacuum static space if (jl.2[) reduces to 

(1.3) v2/-(ffic--^.g)/ = 0. 

It is very interesting to notice that the vacuum static equation (|1.3p are also 
considered by Fischer and Marsden [9] in their study of the surjectivity of scalar 
curvature function from the space of Riemannian metrics (cf. [13[ I18[ [7]). 
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For static spaces, in [12], Kobayashi and Obata (cf. .16 for rt = 3) showed that, 
nearby the hypersurface /~^(c) for a regular value c, a static metric g is isomet- 
ric to a warped metric of a constant curvature metric, provided that g is locally 
conformally flat. In [9 , Fischer and Marsden raised the possibility of identifying 
all compact vacuum static spaces. In fact one now knows in dimension 3, besides 
flat tori and round spheres S^, x is also a compact vacuum static space. 
Later, in [8], other warped metrics on S'^ S'^ were found to be vacuum static. 
The open conjecture is that those, possibly moduli some finite group, are all the 
compact vacuum static spaces. Please refer to [131 [IB 111 [H] for progresses made 
in solving the classifying problem raised in [9]. In short the classifying problem is 
solved [m [H] for locally conformally flat static spaces. But an easy calculation 
shows that ,^ S ) x for Einstein manifolds with scalar curvature 

(n — l)(n — 2) are compact vacuum static spaces, which are not locally conformally 
flat and therefore not accounted in [T3], when n > 3. 

The critical point equation is introduced for the Hilbert-Einstein action on the 
space of conformal classes represented by Riemannian metrics with unit volume 
and constant Ricci scalar curvature in [1] in an attempt to more efficiently identify 
Einstein metrics in two steps. Formally the Euler-Lagrangian equation of Hilbert- 
Einstein action on the space of Riemannian metrics with unit volume and constant 
Ricci scalar curvature is 

Ric --Rg = V^f- {Ric ^Rg)f. 

n n — 1 

It may look more apparent that it is related to the static equations (jl.2[) and (I1.3P 
if we replace / by / — 1 and consider the equation 

(1.4) - {Ric - -^Rg)f - , ^ ^. Rg = 0. 

71 — 1 n[n — 1) 

A complete Riemannian manifold (M", g) [n > 3) of constant Ricci scalar 
curvature is said to be CPE if it admits a smooth solution / 0) to the critical 
point equation (|1.4p (cf. [TJ [TTJ [31 H] ) . In [T] it conjectured that a CPE metric is 
always Einstein. 

Conjecture 1.1. A CPE metric is always Einstein. 

It is clear that (M", g) is Einstein if it admits a trivial solution / = — 1. Other 
CPE metrics with constant function / are Ricci flat metrics, g is isometric to a 
round sphere metric if it is a Einstein CPE metric with a non-constant function /. 
Hence Conjecture [TTT] really says that a CPE metric with a non-constant solution / 
to (|1.4p is isometric to a round sphere metric. Lafontaine in [IS] verified Conjecture 
11.11 when assuming metrics are locally conformally fiat. Recently Chang, Hwang, 
and Yun in [4 verified Conjecture [TTT] for metrics of harmonic curvature. 

Recently in [SJ [S] the authors studied Bach fiat gradient Ricci solitons. Based 
on the similar idea from [51 [S] we are able to solve the classifying problem raised in 
[3 for Bach fiat vacuum static spaces in general dimensions. It is worth to mention 
that we will include in our list the vacuum static spaces S^{^^==) x iJ"^^ that 
were not accounted in the lists given in [1 ^ 113 ) when n > 3. In the mean time, we 
are also able to verify Conjecture 1 1.1 1 for Bach flat CPE metrics. 
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Particularly in dimension 3, we establish an intriguing integral identity 

(1.5) / FC^~?-I 



where C — C^j/^ '^^^ is the complete divergence and Cijk is the Cotton tensor, on a 
compact 3- manifold {M^ , g) admitting non-constant solution / to the equation 

(1-6) fR^J=kJ+'^g^J 

for some function Therefore we are able to obtain stronger results for both 
static metrics and CPE metrics in dimension 3. For vacuum static spaces, based 
on the solutions to the corresponding ODE given in [13], we are able to solve the 
classifying problem raised in [9]. 

Theorem 1.2. Suppose that {AI^, g) is compact vacuum static space with no 
boundary with nonnegative complete divergence C of the Cotton tensor. Then it 
must be one of the following up to a finite quotient: 

• Flat 3-manifolds; 
. S^; 

. X ^2. 

• Xr S'^ for g = ds^ + r'^{s)gg2, where r{s) is a periodic function given in 
Eample 4 in [13j . 

Regarding Conjecture II. li based on [15j|4], we prove the following: 

Theorem 1.3. Conjecture \1.1\ holds for compact Riemannian 3-manifold with no 
boundary with nonnegative complete divergence C of the Cotton tensor. 

The organization of this paper is as follows: In section 2 we introduce Cotton 
tensors and Bach tensors on Riemannian manifolds. More importantly we introduce 
an augmented Cotton tensor and prove an integral identity to allow us to most 
efficiently use the equation (|1.6I) . In section 3 we use the vanishing of the augmented 
Cotton tensor to establish the local splitting property. Then we give a complete 
classification for Bach fiat vacuum static and verify Conjecture 11.11 for Bach flat 
CPE manifolds in general dimensions. In section 4 we focus on dimension 3 and 
establish ()1.5|) and prove Theorem 11.21 and Theorem 11.31 



2. Preliminaries 

In this section we will use Bach flatness to force the vanishing of the augmented 
Cotton tensor D as the authors did for gradient Ricci solitons in jH [5] . To introduce 
the Bach curvature tensor of a Riemannian manifold (M", g), we recall the well 
known decomposition of Riemann curvature tensor. 

(2.1) Rijki — Wijki + — — ^{Sikgji — Siigjk — Sjkgu + Sjigik) 

where Rijki is the Riemann curvature tensor, Wijki is the Weyl curvature tensor, 

is Schouten curvature tensor, Rij — R^jj^ is Ricci curvature tensor, and R = is 
the Ricci scalar curvature. Then the Cotton tensor C is given as: 

(2.2) Cijk — Sjk,i SikJ. 
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(2.3) W^y-fc// - -^C-.j-fe 



(2-4) B,k = z-^^JkL + z-^S^'W,,ku 



(2.5) = -^(-C„-fc: + S''W.,u) 



The following consequence of Bianchi identity is often useful: 

n — 3^ 

n-2 

when 71 > 4. We are now ready to introduce the Bach curvature tensor on a 
Riemannian manifold (M", g) as follows: 

- « H 5- 

when n > 4. Using (j2.3l) we may extend the definition of Bach tensor in dimensions 
including 3 as follows: 

1 

Finally, as in fT2| and [6l H], we define the following augmented Cotton tensor, 
which will play an important role in the calculations in this paper. 

(2.6) D,,k = fCrjk- m,,kif. 

It is easy to see that Dijfe is anti-symmetric about the indices i and j. In fact the 
following is a key observation (1.11) in [12]. In order to treat both static equations 
()1.2p and critical point equation (|1.4p in the same way we need to rewrite them in 
a unified way. We first rewrite the static equation (|1.2p as follows: 

(2.7) /^ = VV-i(A/-^i./).. 
We then rewrite the critical point equation (|1.4p as follows: 

(2.8) !S = W + (:jr^ - 

2\n — 1) n(n — 1) 

In summary we will write both (12. 7p and (j2.8p in following form 

(2.9) /^-V2/ + $5 

for a function $ (this $ is different from that in (|1.6I) V 

Proposition 2.1. Suppose that (M", g) is a Riemannain manifold admitting a 
smooth solution f to the equation (j2.9p . Then 

(2.10) Ajfe = - l)Ak.fj + ■^J9^k}, 
where Alt means anti- symmetrizing with the indices i and j , and 



(2.11) = -{n - 2)/$, + f,jf + n<ff,. 

Proof. It is a straightforward calculation based on the equation (|2.9p and the defini- 
tion of Dijk (cf. [H]). For the convenience of readers we include some calculations 
here. First we calculate 

/ Cijk — / {Sjk.i ~ Sik.j) 

= fifk.ji - fk,ij) - fiSjkfi - Sikfj) + fi^igjk - ^jgik) 



Then recall the Ricci identity 

fk,ji — fk,ij — flR^ kji — Rijklf'' 
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and conclude that 

fk.ji - fk,i3 = Wijkif + ——^{Sjigik - Siigjk)f + _ ry iSikf] - Sjkfi)- 
Hence we obtain 

(n - 2){fC,jk - fW,,kif) = Alt{{n - l)fS,kfj + 

* j' 

for 

From here, usmg the equation (|2.9p . we complete the proof of p.lOp . □ 
Remark 2.2. Note that 

(2-12) * = ^(2(^^^/ - ""'^ = - ^//j 

for static metrics and 

(2-13) $ = :7r^ - , ^ = - A//, 

2(rt — 1) n[n — 1) 

/or CFi? metrics. It is very intriguing to see that 5* is the same for the both cases. 

Then we can rewrite the Bach tensor as follows: 

Proposition 2.3. Suppose that (A/", g) is a Riemannian manifold admitting a 
smooth solution f to the equation (I2.9p . Then 

(2.14) {n - 2)B,k = -VX^) + ^C,k,^ + W.^ki^- 

Proof. It is straightforward to calculate that, from the definition (12.61) . 



ijjr xi'i /jji •' I n \ i oil T 



- -V (— ^) + ^L.;fe-, — + Wijkl 



n — 2 / 



□ 



Now, as a consequence of (|2.14l) . we can state one of the key identities in this 
paper. To state that we introduce some notations. We will denote the level set 

M, = {x e M" -.fix)^ c} 

and 

Me,,e, ={xe M" : Ci < fix) < C2}. 

Proposition 2.4. Suppose that (M", g) is a Riemannian manifold admitting a 
smooth solution f to the equation (j2.9p . Let ci and C2 &e two regular values for the 
function f and two level sets Mc-^ and be compact. Then, for all p > 2, we 
have the following integral identity: 
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Proof. By the anti-symmetries of Wijki, Cijk and Dijk, from p.l4|) one gets 
Applying integrating by parts, we get 

Again, due to the anti-symmetries and trace-free properties of Cotton tensor C and 
the augmented Cotton tensor D, we arrive at (|2.15p 



- 2) / FB.kP^^ = / r 

J Mr, r„ J Mr, rr. 



n-2 



J Mr, r„ 



□ 

Consequently we obtain the following important initial step to understand the 
geometric structure of a Riemannain manifold admitting a smooth solution to the 
equation (|2.9p . 

Corollary 2.5. The augmented Cotton tensor D vanishes identically on a Bach 
flat manifold admitting a smooth non- constant solution f to the equation (j2.9p . 
provided that each level set f~^{c) is compact for any regular value c. 

3. Bach flat cases 

In this section, based on Corollary 12.51 we investigate geometric structure of a 
Bach flat manifold admitting a smooth non-constant solution / to the equation 
(ll.2[) or (|1.4p . To facilitate our local calculations we need to choose local frames 
and set notations. 

For a regular value c, we denote the level set f~^{c) as E, W := |V/p, and 
e„ :— j^jy as the unit normal to S. We then choose an orthonormal frame 

{ei,e2, ■ • • ,e„_i,e„} 

along S. We will use Greek letters to denote the index from 1 to n — 1, while Latin 
letters for the index from 1 to n. Then the second fundamental form of E is 

(3.1) hap = (Ve„e/3,e„} = -(e/j, Ve„e„) = 
the mean curvature is 

(3.2) H = g''Ph^p^W-Hfn^n-Af), 
and the square of the norm of the second fundamental form is 

(3.3) \A\' = h^ph^P = W-' J2 l/".'^!'- 
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2 

n,Q I 



Furthermore 

(3.4) |V^T^p=W^|/, 

a=l 

and 

(3.5) |V„W^p = W|/„,„|2. 

Now we are ready to prove another key identity in this paper. 

Proposition 3.1. Suppose that (A/", g) is a Riemannian manifold admitting a 
non-constant solution to either (|1.2|) or ()1.4p . Then the following identity holds: 



Proof. By Proposition [231 have 

(n - 2)2li?|2 = 2(n - l)2|V/nv2/l' + 2(n - l)|vl/|2 - 2(n - 1)Vm/7'^V, 
+ 4(n-l)(A/V/-vI/-/,^^./»\I.J) 

= 2(n - l)2|V/nA - -^g^P + 2{n - l)\Vf\^H^ 

n — 1 

n-l 

2 



2(,i-l)2|V/p^|/„,„ 



Q = l 



+ 2(n - l)|vl/|2 + 4(n - 1)(A/V/ • * - /,.,rvl/J) 



Because 



We also calculate, due to Remark [2?2| 

ri-l 

i*i' = iv/p(^i/„.op+i/„,„-A/n 

and 

A/V/ • VI/ - vi/^ = -|V/|2(/„,„ - A/)(/„^„ - A/) 



n-l 

2 

n.a I 



Therefore 



^^V P - 2(n - 1)W^2|^ - -^g^P + I^|V^W^|2 
n — 1 n — 1 2 



An immediate consequence is following: 



□ 



Corollary 3.2. Suppose that (Af ", g) (n > 3) is a Riemannian manifold admitting 
a non-constant solution to either (jl.2p or (jl.4p . ^nd suppose that the augmented 
Cotton tensor D vanishes. Then the level set E is umbilical and the mean curvature 
H is constant. 
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Proof. By the assumption we know that the solution / can not be a constant. 
Therefore it fohows from Lemma [3.11 that the level set E is umbilical and is a 
constant along S in the light of p.6p . In fact 



71—1 n—1 



Hence, according to the equation (|2.9p . we conclude that Ran — 0, for a = 
1, 2, • • • ,n — 1. On the other hand, by contracting the Codazzi equations we get 

= - ^^^V^i/, a = l,2,...,n-l. 

n—1 

Therefore the mean curvature H is constant along E. □ 

Next we show the constancy of R and A/ along E. 

Lemma 3.3. Suppose that (Af", g) (n > 5) is a static space or a CPE metric with 
a non- constant function f . Then 

(3.7) V^i? = V^A/ = 0. 

Proof. The statement of this lemma is obviously true for a CPE metric. For a static 
metric, taking divergence of the static equation (11.21) . we have 

77 

(3.8) diRf + {n-l)Af)^-fdR, 
which implies 

(3.9) (- - l)fdR = Rdf +{n- l)dAf. 

Taking exterior differential of the two sides of the above equation, we get dfAdR = 0. 
Hence, by Cartan's lemma, there exists a smooth function cj) such that dR ~ 4>df, 
which implies V^i? = V^i? — <j>Vaf = 0, i.e. V^i? = 0. Consequently, in the light 
of (ISH), one also gets V^A/ = 0. □ 

Consequently we know that the level set E is of constant scalar curvature if the 
augmented Cotton tensor vanishes. 

Corollary 3.4. Suppose that (M", g) (n > ?>) is a static space or a CPE metric 
with a non- constant function f. And suppose that the augmented Cotton tensor D 
vanishes identically. Then the level set E is of constant scalar curvature. 

Proof. Recall Gauss equation 

R^ = R-2Rr,n + H'' -\A\'. 

Hence it suffices to show that i?„„ to be constant along E in the light of Corollary 
13.21 and Lemma [3.31 To do that we first realize that fn,n is constant from (I3.2|l . 
Then the conclusion follows from the static equation ()1.2p or critical point equation 

(Ha). □ 

To work a bit harder we can show that in fact the level set E is Einstein when 
the augmented Cotton tensor vanishes. 

Proposition 3.5. Suppose that (M", g) (n>3) is a static space or a CPE metric 
with a non- constant function f. And suppose that the augmented Cotton tensor D 
vanishes identically. Then the level set E is Einstein. 
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Proof. We start with the assumption that D ~ 0. Hence, from the definition p.6p . 
we have 

On the other hand, from Bach flatness and Proposition 12.31 we also have 

WijkiP f = — ^ _ ^ fCijkP- 

Therefore we can conclude that Wijkif^f'' = 0, that is, Wnjkn = 0- Using the 
Riemann curvature decomposition we derive 

RanBn = Wanfin H 7;^al3 H 7;i^nn — 7w T:R)9a0 

n — 2 n — 2 2(n — 1) 

-RaB H ^{Rnn 7R)9aB- 

2 n — Z n — i 



n 

Meanwhile, from the equation (j2.9p . we obtain 

p VgV/^/ , 1,„ A/ 
^al3 — J 'j~)9al3 

= -^haf} + - (R -r)9aP 

f n f 

1 Af H |V/| 

Finally, using Gauss equation, 

Ruip — RaP ~ Ranlin + Hhap — ha-fh? ^ 

we can conclude that E is Einstein by Schur's lemma when n > A. Notice that 
CoroUarv 13.41 implies the proposition when n = 3. Thus the proof is complete. □ 



We now summarize what we have achieved in the following local splitting result 
for the geometric structure of a static metric or a CPE metric (cf. Theorem 3.1 in 

m)- 

Theorem 3.6. Suppose that (M", g) is a static space or CPE manifold with non- 
constant function f and compact level set f~^{c) for a given regular value c. And 
assume it is Bach flat. Then 

g = ds^ + ir{s)fgE, 

nearby the level set f^^(c), where ds — j^, {r(s))'^gE — 5|/-i(c) '"^'^ 9e is cin 
Einstein metric. 

Consequently, based on the solutions to the corresponding ODE given in [T5] . 
one gets the classification theorem for Bach flat vacuum static spaces. Notice that 
the function / and the warping factor r still satisfy the same ODE system: 

(r + {n-l)^f' + ^J =0 
\r'f-r"f =0 

which is (1.9) in [13]. It is remarkable that Kobayashi was able to find the integrals 
and completely solved it. The solutions depend on the constants R, 

R 



a = r"- V" 



n(n — 1) 
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and 

k ^ {r'f + -j^y + ^r^-". 
n[n — Ij n — 2 

The horizontal shce E is Einstein with Ric = (rt — 2)kgE here. 

Theorem 3.7. Let {M"',g,f) be a Bach flat vanuum static space with compact 
level sets (n > 3). Then up to a finite quotient and appropriate scaling, 

(i) f is a non-zero constant if and only if M is Ricci flat; 

(a) f is non-constant if and only if M is isometric to 

• 5"; 

• H"; 

• the warped product cases. 

In the warped product cases, we can divide again into compact and non- compact 
ones. For the compact ones E with metric g = ds^ + (r{s))'^gE, ^{s) appears 

to be one of the following: 

• r{s) is a constant and E is an arbitrary compact Einstein manifold of pos- 
itive scalar curvature without boundary (cf. Example 2 in |13j ); 

• r(s) is non-constant and periodic and E is an arbitrary compact Einstein 
manifold of positive scalar curvature without boundary ( cf. Example 4 in 

m)- 

For the non-compact ones R. Xr E with metric g ~ ds^ + {r{s))'^gE, r{s) appears to 
be one of the following: 

• r(s) is a constant and E is an arbitrary compact Einstein manifold without 
boundary (cf. Example 1 in |13) ); 

• r(s) is non-constant and peroidic and E is an arbitrary compact Einstein 
manifold of positive scalar curvature without boundary ( cf. Example 3 in 

m); 

• r(s) is given in Proposition 2.5 in [13j and E is an arbitrary compact Ein- 
stein manifold without boundary (cf. Example 5 in [13| J . 

Remark 3.8. We would like to mention again, since we only assume Bach flatness, 
our list includes the warped metric where the level sets are only Einstein instead of 
constant curvature as in [131 115] . 

On the other hand, as a consequence of Theorem 13.61 a Bach flat CPE metric 
turns out to be of harmonic Riemann curvature. Namely, 

Lemma 3.9. Suppose the metric g is a CPE metric satisfying assumptions in 
Theorem 13.61 Then the Cotton tensor C of g vanishes identically and therefore g 
is of harmonic Riemann curvature. 

Proof. We simply choose a local coordinate system {81,82, • • • , 8,1-1, 8n — 8s} and 
calculate directly. It is easily seen that 

CaPi — Cafin — C'n^n — 0. 

The only term that needs some effort is Cn^,^, which in fact is seen to be zero from 
(|2.14|) and the fact that both Bach tensor and the augmented Cotton tensor D are 
identically zero. Notice that Wnjkn is known to be identically zero from the proof 
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of Proposition 13.51 To see the harmonicity of Riemann curvature we calculate as 
follows: 

— —Cijk — 

using the fact that the Ricci scalar curvature R is constant. □ 

Then, using the result in [3], we can verify Coniecturc ll.ll for Bach flat manifolds. 

Theorem 3.10. Suppose that (M", g) (n > 2>) is Bach flat CPE manifold ad- 
mitting a non-constant solution to p.4p . Then (M", g) is isometric to a round 
sphere. 

4. In DIMENSION 3 

In dimension 3 we recall that the Bach tensor is given as the divergence of the 
Cotton tensor in (|2.5p . What we will do in this section is to establish another 
integral identity on compact manifold with a static metric or a CPE metric. Then 
we will be able to conclude that the full divergence B^^ of the Bach tensor (the 
full divergence Q^j, of the Cotton tensor) vanishes if and only if the Cotton 
tensor vanishes in dimension 3 for a static metric as well as a CPE metric on a 
compact manifold. 

Proposition 4.1. Suppose that (M", g) (n > 3) is a compact Riemannian man- 
ifold with no boundary admitting a non-constant smooth solution to (|2.9p . Then, 
for any p > 2, we have the following integral identity: 

(4-1) / /'%''=-^7r^^lT7^ / F-'D-C. 

Jm 2(n- l)(n-2) 

Proof. First, applying integrating by part twice, we get 



(4^2) 

Then we use Proposition 12.31 to calculate the second term in the right hand side of 
the above equation. Namely, 

(n-2)/ fP+'B,,f^-^ f /f+iv'=(%^)r-' + ^ / fPCk.,,f'f''' 



M JM J "-^^JM 



+ [ f'-'W.kijf'f'f 

JM 



Jm 

Now we deal with each term separately. For the first term, we perform once again 
integrating by part and get: 



m J ^[iT' — -LJ Jm ^ JM 



For the second term we simply use Proposition [^HJ 
Jm 
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And for the last term, we use the definition of Bach tensor and again perform more 
integrating by part: 

71-2 



JM Jm 



fPD ■ C. 



IM J M 1) J 

Combining all the three terms together, we get 

(4.3) F»B,,-> = - „„_"-:_,) FD-C-i,^,) l_ FB„rp. 
where we have applied Proposition [531 Going back and rewriting ()4.2p as follows: 

f r+^B^^:^ = {p+i) [ FB.,,rp+[ r+'B^.r, 

P + ^ Jm Jm Jm 

which implies, from 
1 

P + 2Jm' " 2(n-l)(n-2)7,,/ 

So the proof is complete. □ 

In particular, when n = 3, we obtain 

Corollary 4.2. Suppose that {M^, g) is a compact Riemannian manifold with no 
boundary admitting a non- constant smooth solution to (|2.9p . Then, for any p > 2, 

ijk P 

M ' 4 jjy .j 

Hence we have improved Theorem 13.61 in dimension 3. 



fP+^B^i = ^—f / f-PD ■ C. 



(4.4) / ^c^,^''^-\ I F\C\ 



Theorem 4.3. Suppose that (M^ , g) is a compact Riemannian manifold with 
no boundary with a static metric or CPE metric and non-constant function f. 
If C^jj. ^■'^ vanishes identically, then the Cotton tensor vanishes identically and 
therefore Theorem \3.(!\ holds. 



More interestingly we have the improved version of Theorem 13.71 which gives a 
partial answer to the Fischer-Marsden's problem (cf. [5]). 

Theorem 4.4. Suppose that (M^, g) is a compact vacuum static space with C^jj, ^•'^ 
vanishing identically. Then the vacuum static space must be one of the following 
up to a finite quotient and appropriate scaling, 

(i) Flat space; 

(ii) S"; 

(iii) X 5^; 

(iv) Xr S'^ with warped metric g — ds"^ + r'^{s)gs^, where r{s) is a periodic 
function given in Example 4 in jl3| . 

Similarly we have the improved version of Theorem 13. 101 as follows: 

Theorem 4.5. Conjecture holds for compact 3-manifold (M'^, g) with no 
boundary satisfying C^^j, ^■'^ — 0. 
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